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Abstract: This paper extends the former approaches to describe the stability of n-dimensional linear
time-invariant systems via the torsion 7(t) of the state trajectory. For a system 7(t) = Ar(t) where
A is invertible, we show that (1) if there exists a measurable set E; with positive Lebesgue measure,
such that r(0) € E; implies that tliT T(t) #0or tlir+n 7(t) does not exist, then the zero solution of
— 00 — 00
the system is stable; (2) if there exists a measurable set E; with positive Lebesgue measure, such that
r(0) € E; implies that tliT T(t) = +oo, then the zero solution of the system is asymptotically stable.
—r+00

Furthermore, we establish a relationship between the ith curvature (i = 1,2, - - ) of the trajectory
and the stability of the zero solution when A is similar to a real diagonal matrix.
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1. Introduction

It is well known that Lyapunov [1] laid the foundation of stability theory. Linear systems are the
most basic and widely used research objects, which have been developed for a long period. However, the
traditional methods rely heavily on linear algebra. There are few results obtained from geometric aspects.

Curvature and torsion are important concepts in differential geometry. In [2], the authors calculated
the curvature and torsion of the state trajectories r(t) of the two- and three-dimensional linear time-
invariant systems 7(t) = Ar(t), which are related to the system stability. Furthermore, in [3] the authors
use the definition of higher curvatures of curves in R” given in [4] to obtain the relationship between
the first curvature of the state trajectory and the stability of the n-dimensional linear system.

In this paper, we will describe the stability of the zero solutions of linear time-invariant systems
in arbitrary dimension by using the torsion, namely, the second curvature.

Our main results are as follows.

Theorem 1. Suppose that #(t) = Ar(t) is a linear time-invariant system, where A is similar to an n x n real
diagonal matrix, r(t) € R", and #(t) is the derivative of r(t). Denote by «;(t) (i = 1,2, - - - ) the ith curvature
of trajectory of a solution r(t). We have

(1) if there exists a measurable set E C R" whose Lebesgue measure is greater than 0, such that r(0) € E
implies that tgrfoo ki (t) #0or tli}rilm i; (t) does not exist, then the zero solution of the system is stable;

(2) if A is invertible, then under the assumptions of (1), the zero solution of the system is asymptotically
stable.

Theorem 2. Suppose that 7(t) = Ar(t) is a linear time-invariant system, where A is an n X n invertible real
matrix, and r(t) € R"™. Denote by T(t) the torsion of trajectory of a solution r(t). We have
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(1) if there exists a measurable set E; C R" whose Lebesgue measure is greater than 0, such that r(0) € E;
implies that lim T(t) # 0or lim T(t) does not exist, then the zero solution of the system is stable;
t—+oo t—-+oo

(2) if there exists a measurable set E; C R" whose Lebesgue measure is greater than 0, such that r(0) € E
implies that lim T(t) = +oo, then the zero solution of the system is asymptotically stable.
t—+o0

The paper is organized as follows. In Section 2, we review some basic concepts and propositions.
In Section 3, we study the relationship between the ith curvature (i = 1,2, - - - ) of the trajectory and
the stability of the zero solution of the system when the system matrix is similar to a real diagonal
matrix, and we prove Theorem 1. In Section 4, we establish a relationship between the torsion of the
trajectory and the stability of the zero solution of the system, and complete the proof of Theorem 2.
Two examples are given in Section 5. Finally, Section 6 concludes the paper.

2. Preliminaries

Throughout this paper, all vectors will be written as column vectors, and ||x|| will denote the
Euclidean norm of x = (x1,x2,- -+, x4) € R”, namely, ||x|| = /¥, x2. The vector ) (+) denotes
the ith derivative of vector r(t). We denote by det A the determinant of matrix A. The eigenvalues of

matrix A are denoted by A;(A) (i =1,2,-- - ,n), and the set of eigenvalues of matrix A is denoted by
o(A). The degree of polynomial f(t) is denoted by deg(f(t)).

2.1. Stability of Linear Time-Invariant Systems

Definition 1 ([5]). The system of ordinary differential equations
i(t) = Ar(t) 1

is called a linear time-invariant system, where A is an n x n real constant matrix, r(t) € R", and #(t) is the
derivative of r(t).

Proposition 1 ([5]). The initial value problem

r(t) = Ar(t), )
r(0) = ry,

has a unique solution given by
r(t) = ey, (©)]

where e = Y2 %‘
The curve r(t) is called the trajectory of the system (2) with the initial value ro € R".

Definition 2 ([6,7]). The solution r(t) = 0 of differential equations (1) is called the zero solution of the linear
time-invariant system. If for every constant € > 0, there exists a § = §(¢) > 0, such that ||r(0)|| < & implies
that ||r(t)|| < e forall t € [0,+00), where r(t) is a solution of (1), then we say that the zero solution of
system (1) is stable. If the zero solution is not stable, then we say that it is unstable.

Suppose that the zero solution of system (1) is stable, and there exists a 5 (0 < & < 6), such that ||r(0)|| < &
implies that tEToo r(t) = 0, then we say that the zero solution of system (1) is asymptotically stable.

Proposition 2 ([6]). The zero solution of system (1) is stable if and only if all eigenvalues of matrix A have
nonpositive real parts and those eigenvalues with zero real parts are simple roots of the minimal polynomial of A.

The zero solution of system (1) is asymptotically stable if and only if all eigenvalues of matrix A have
negative real parts, namely, Re{A;(A)} <0(i=1,2,--- ,n).
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Proposition 3 ([6]). Suppose that A and B are two n X n real matrices, and A is similar to B, namely, there
exists an n x n real invertible matrix P, such that A = P~'BP. For system (1), let v(t) = Pr(t). Then the
system after the transformation becomes

o(t) = Bo(t). 4)
System (4) is said to be equivalent to system (1), and v(t) = Pr(t) is called an equivalence transformation.

Proposition 4 ([6]). Let A and B be two n x n real matrices, and A is similar to B. Then the zero solution of
the system 7(t) = Ar(t) is (asymptotically) stable if and only if the zero solution of the system 9(t) = Buv(t) is
(asymptotically) stable.

2.2. Curovatures of Curves in R"

Definition 3 ([8]). Let r : [0, +-00) — R3 be a smooth curve. The functions

I7(6) x F(O)]] (), 7(t), 7(t))
i) I (£) < #()|

are called the curvature and torsion of the curve r(t), respectively.

K(t) = ™(t) =

Gluck [4] gave a definition of higher curvatures of curves in R”, which is a generalization of
curvature and torsion. Here we omit the definition of higher curvatures and review their calculation
formulas directly.

In this paper, V;(t) denotes the i-dimensional volume of the i-dimensional parallelotope with

vectors i(t), #(t), - - -, r)(t) as edges, and we have a convention that Vy(t) = 1.

Proposition 5 ([4]). Let r : [0, +00) — R" be a smooth curve, and #(t) # 0 for all t € [0, +o0). Suppose
that for each t € [0, 400), the vectors #(t),#(t),--- ,r"™(t) (m < n) are linearly independent. Then the ith
curvature of a curve r(t) is

Vii1(H)Viga(t)

sl = =h Ve

i=12,--,m—1).

In [4], according to the definition of the curvatures of curves in R”, we have «;(s) > 0 for
i=12,---,m—1.

If r(t) is a smooth curve in R3, and #(t),#(t), 7 (t) are linearly independent, then we have
Frenet-Serret formulas (cf. [8]), where x1(s) = x(s), and x2(s) = |t(s)|, which means the first and
second curvature are the generalization of curvature and torsion of curves in R3, respectively. In the
remainder of this paper, we use x(t) instead of x1(t), and 7(t) instead of x;(t), for simplicity.

We can give V;(t) by the derivatives of r(t) with respect to t. In fact, we have the following result.

, ; , . T
Proposition 6 ([3]). Write r()(t) = (rgl)(t),rg)(t),~ p ,r,(f)(t)> . We have

() R e o

i = ¥

1<ip <ip <+ <fp<n
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By Proposition 5 and Proposition 6, we obtain the expression of each curvature of curve r(t) in R"
by the coordinates of derivatives of r(t). In particular, if 7(¢) and #(t) are linearly independent, then
the torsion of r(t) satisfies

Yicicjeken [Fi(t)  F(t)  75(t)

() = Va(t) _ i(t) F(t)  Fe(b) i
(t) V2 (t) () () 5 . (5)
Z <p<g<n
o fq(t)  7q(t)

On the other hand, if V,(t) = 0, namely #(t) and #(t) are linearly dependent for all ¢, then obviously we
have the convention that T(¢) = 0. Further, the function V5(t) will be examined in detail in Section 4.2.
2.3. Relationship Between the Curvatures of Two Equivalent Systems

Wang et al. [3] establish a relationship between the curvatures of the trajectories of two equivalent
systems. In fact, let a curve r(t) be the trajectory of system (2), and suppose that for each t, the vectors
#(t),#(t),- - -, 7" (t) are linearly independent. Then we can define curvatures &, 1 (t), k.2 (), - - , %y m_1(t)
of the curve r(t), and we have the following result.

Proposition 7 ([3]). Suppose that a linear time-invariant system #(t) = Ar(t) is equivalent to a system
o(t) = Bo(t), where A = P~1BP, and v(t) = Pr(t) is the equivalence transformation. Let x, ;(t) and 1, ; (t)
betheith (i =1,2,--- ,m — 1) curvatures of trajectories r(t) and v(t), respectively. Then we have

li (t) =0 < 1 () =0,
tjrfw Kr,i(t) tjrfw Ko,i(t)
li i(t) = — i i(t) = oo,

Hm (1) = o0 JHmi,i(f) = +o0
Ky i(t) is a bounded function <= &, ;(t) is a bounded function.

2.4. Real Jordan Canonical Form

Proposition 8 ([7,9]). Let A be an n x n real matrix. Then A is similar to a block diagonal real matrix

Cu, (a1, b7)
Cy (a2, b2) 0

Cu, (ap, by) ) (6)
]anrl (AP+1)

Jny (Ar)

where
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(1) fork € {1,2,-- -, p}, the numbers Ay = ay + /—1bg and Ay = ap — /—1by (ay, by € R,and by >
0) are complex eigenvalues of A, and

Co a5, ) = A ,
I

k 21‘lk ink

where Ay = (az zk> I = ((1) 2),
— Yk k

2) forj € +1,p+2,---,r}, the number A; is a real eigenvalue of A, and
] p p j 8

Xn
The matrix (6) is called the real Jordan canonical form of A.

3. Real Diagonal Matrix

In this section, we study the case that the system matrix is similar to a real diagonal matrix, and
prove Theorem 1. From Proposition 4 and Proposition 7, we only need to focus on the case that A is a
real diagonal matrix, and prove Proposition 9.

In what follows, we defind a subset of R” that

S = {r(O)

Proposition 9. Suppose that #(t) = Ar(t) is a linear time-invariant system, where A is an n X n real diagonal
matrix, and r(t) € R". Denote by «;(t) (i = 1,2, - - - ) the ith curvature of trajectory of a solution r(t). Then
for any given initial value r(0) € S, we have
(1) if lim «;(t) # 0or lim «;(t) does not exist, then the zero solution of the system is stable;
t— 400 t——+o0

7(0) = (r1(0),72(0), - - - ,7x(0)T € R",s.t. ﬁri(O) + 0} .

i=1

(2) if A is invertible, and lim x;(t) # Oor lim «;(t) does not exist, then the zero solution of the system
t——+oc0 t—+oc0

is asymptotically stable.

Wang et al. [3] has proved the case of i = 1. Now we give a complete proof of this proposition.

Proof. (1) Suppose that A is an 1 x n real diagonal matrix, namely,
A = diag{A1, A2, -+, An}.
Then

AR = diag{Ak AL, ... ARy, et = diag{eM!,eM, ... eMt],
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where p = 1,2, - -. Hence we have

r(t) = et4r(0) = (e’\ltﬁ(O),eAztrQ(O),- . ,eA”trn(O))T,

T
r(t) = Ar(t) = (Ale’\ltrl(O),/\ze)‘ztrz(O),- . ,/\ne)‘”trn(O)> ,

T
r0 (1) = Akr(t) = (A’{e’\ltrl(o),A’z‘eAztrZ(O),- > ,A’;eAnfrn(O)) ,
namely, the coordinates of derivatives of r(t) are
#i(t) = Aehitry(0), - , O = AkeMitr(0) (i=1,2,--- ,n).

Then by Proposition 6, we obtain

i = ¥

1<ip<ip < < <n

. .. k

B () B () O
Aieti'ri (0)  A2eM'r (0)
Aje Aiy 712(0) /\Zze’\iztriz(o) Akz A'ztr,Z(O)

- ¥

1<ip<ip<--- < <n

A € A 71k(0) /\2 Mt rlk(o) )‘i'(ke)\iktrik(o)
2 k—1
1 Ay /\i1 /\1-1
1 A A2 ... Ak
ko a. k ) iy i
= Z e(Zp:1 Am)t H (Alquti (0))
1<ip<ip < < <n q=1
2 k—1
1A, A2 Ak
2
k
2(k_ A )t
= L Tt) {H (Aiqriq«))) I1 (Aiﬁ_/\ia)} :
1<) <ip << <n q=1 1<a< <k

We see that if the eigenvalues A; , A;

12,...

6 of 22

@)

,Ai, of A are non-zero and distinct, then a term of the

k .
form Ce’ (Z”:1 A”’)t will appear in the expression of sz(t), where C is a constant depending on the

eigenvalues and initial value, and C > 0.
By Proposition 5, the square of the ith curvature is

®)
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Now, we consider the limit of x;(t) as t — +o0 by comparing the exponents of e in the numerator and
denominator of x?(t). Let A1 and A, denote the maximum values of « in the terms of the form e* in
\Q{l(t)\@il(t) and V2(t)VA(t), respectively. We define

Ay = max{o(A)\{0}},
A(p) = max {(T(A)\ {O,A(l)}} ,

Then by (7) and (8), we have

i-1 i+1 i
M :ZZ)L(a) +22/\(b), Ay :2/\(1) +42/\(C).
a=1 b=1 c=1

Thus,
Al - Az - 2 ()L(i+1) - /\(1) - /\(l)) .
It follows that

lim x;(t) =0 <= A < Ay — )\(1) +A(i) > /\(i-‘rl)’

t—4o0
tETooKi(t) =C = A =AM = )\(1) +)\(1~) = /\(i+1),
tLir-il:loo Ki(t) =40 <= A >Ny — )\(1) + A(z) < /\(i-‘rl)' 9)

where C is a positive constant depending on the initial value r(0) = ro (r;(0) #O0forj=1,2,--- ,n).

Here we notice that for any given real diagonal matrix A, if for a given initial value r(0) € R” that

satisfies [T{_; 7;(0) # 0, we have tliT K;(t) = 0 (or 400, or a constant C > 0, respectively), then for
—r+00

an arbitrary r(0) € R" satisfying [Tj_; ;(0) # 0, we still have tlir+n «;(f) = 0 (or 400, or a constant
—r+00

C > 0, respectively).

Noting that A is a real diagonal matrix, by Proposition 2, the zero solution of the system (1) is
stable if and only if A;(A) < 0(i = 1,2,---,n). If the zero solution of the system is unstable, then
we have Ay > 0, thus Ay + A;) > Agyq). By (9), we have tEToo ki(t) = 0. In other words, if

lim «;(t) # 0or lim x;(t) does not exist, then the zero solution of the system is stable.
t—+o00 t— 400

(2) Suppose that A is invertible, and tlir+n ki(t) # 0 or tlir+n k;(t) does not exist. Then 0 is not an
— o0 —r o0
eigenvalue of A, and the zero solution of the system is stable. By Proposition 2, the zero solution of the
system is asymptotically stable. [

Now, we proceed to the proof of Theorem 1.

Proof of Theorem 1. Suppose that the linear time-invariant system 7(t) = Ar(t) is equivalent to
a system o(t) = Bo(t), where B is a real diagonal matrix, A = P~!BP, and v(t) = Pr(t) is the
equivalence transformation. They by Proposition 7, we have

tgrfoo Ki(t) =0 < tgrfoo Kpi(t) = 0. (10)
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We define

S = {Plv(O)

v(0) = (v1(0),v2(0),- - ,v,(0))T € R",s.t. ﬁvi(O) + 0} )
i=1

Note that we can regard any given n x n invertible matrix P as an invertible linear transformation
P :R" — R", and the Lebesgue measure of R\ satisfies

m (R"\S) = 0. (11)

If there exists a measurable set E C R" whose Lebesgue measure is greater than 0, such that

r(0) € E implies that lim «,;(t) # 0or lim &, ;(t) does not exist, then by (10) and (11), there exists

_ t—+o0 t—+4oc0 7
ar(0) € S, such that the trajectory v(t) with initial value v(0) = Pr(0) satisfies thrf Kyi(f) # 0 or
—+00

tliT K,,i(t) does not exist. Notice that when r(0) € S, the vector v(0) satisfies [T"_ v;(0) # 0, thus

—r+00

by Proposition 9, the zero solution of the system ©(t) = Bov(t) is stable, and then by Proposition 4,
the zero solution of the system 7(t) = Ar(t) is also stable, which proves Theorem 1 (1).

Since A is similar to B, the matrix A is invertible if and only if B is invertible. The method of the
proof of (1) works for (2), which completes the proof of Theorem 1. [

4. Relationship between Torsion and Stability

In this section, we give the proof of Theorem 2, which establishes a relationship between the
torsion of the trajectory and the stability of the zero solution of the system. From Proposition 4, 7, and
8, we only need to focus on the case that A is an invertible matrix in real Jordan canonical form (6),
and prove the following result.

Proposition 10. Suppose that 7(t) = Ar(t) is a linear time-invariant system, where A is an n X n invertible
matrix in real Jordan canonical form, and r(t) € R™. Denote by T(t) the torsion of trajectory of a solution r(t).
Then for any given initial value r(0) € S, we have
(1) if lim t(t) #0or lim T(t) does not exist, then the zero solution of the system is stable;
t—+00 t— 400

(2) if t lirr T(t) = oo, then the zero solution of the system is asymptotically stable.
— 100

4.1. Blocks J,(A) and Cyy(a, b)

In order to study the matrices in real Jordan canonical form (6), we first consider the blocks of
the forms

A1 AL

A1 A b
Jp(A) = AT and Cy(a,b) = A ;o (12
I

A pxp A 2mx2m

a

where A,a,b € R,b > 0,and A = ( Z) . Part of this subsection goes back to the work as far as [3].
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(1) For a J,(A) block, by direct calculation, we obtain

A3 3A2 30 1

A2 241
A3 3A%7 3A
A2 27 )
X . s A3 3A% 1
]p(/\) = A2 ’ ]p()‘) = . ’ (13)
. A3 BA
2A )
)2 3A
pxp A3
pxp
and we have the exponential function
2 3 -1
Ltz o5 T
2 p—2
1t 5 =]
1 ¢ ... A2
ot lp(N) — gt (=3[ (14)
1 t
1

For the system 7(t) = J,(A)r(t), by substituting (14) into r(t) = e'/"Mr(0), we obtain the
expressions of the coordinates of r(t)

n(t) = eMPpu(t) (k=12 ,p), (15)
where the polynomial
e (0
Pp;k(t) _ Z k-‘rll'( ) tl. (16)
=0 :

Substituting (12) and (13) into 7(5) () = J5(A)r(t) for s = 1,2,3, combined with (15), we see that
the coordinates of the derivatives of r(t) are

Filt) = Are() + g (1) = €M {AP(8) + Pra (1)}

Fe(t) = A2re(t) + 2Ark 1 () + i () = € {A2Po() + 24Py 1 (1) + Pyesa(t) |,

T(t) = A3r(t) + 32741 (£) + BAre o (8) + repa(t)
= eM {Aapp;k(t) + 3A%Pyi1 () + BAPypin(t) + P ;k+3(t)} ) (17)

where we have a convention that r(t) = 0 for k > p.
We see thatif k € {1,2,---,p}, then deg(P,x(t)) = p — k; if k > p, then P (t) = 0.
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(2) For a Cy,(a, b) block, a direct calculation gives

A3 3A%7 3A L,

A2 2A b
A3 3A%7 3A
A2 2A )
5 ) s A 3A7 . D
Cnl(a,b) = A? ) , Gu(ab) = . ’ (18)
AP . 3A
2A
) 3A?
A
2mx2m 3
A 2mx2m
a? —b>  2ab a(a® —3b%)  b(3a* —b?)
where A2 = ,and A3 = ; and we have the
—2ab  a* —b? —b(3a%> — b?) a(a* —3b%)
exponential function
2 3 m—1
R tR LR 4R WR
t2 tm—Z
R tR R (m_2>!R
R R - AR
etCm(ﬂ,b) — eut (m73)! (19)
R IR
R

cosbt sinbt
where R = .
—sinbt cosbt

For the system 7(t) = Cy,(a, b)r(t), write

T’(i’) = (rl(t)/r2(t)/' te /r2m71(t>r r2m(t))T
= (71,1(t); 71,2(1’),72,1(1’),7’2/2(1’), o /rm,l(t)/ 7m,2(t))T'

Substituting (19) into r(t) = efC(20)¢(0), we obtain the expressions of the coordinates of r(t)

rig(t) = e Tyia(t), rip(t) = e Tpin(t) (i=1,2,---,m), (20)
where
m—i tk
Tia(t) =) E(72i+2k71(0) cos bt + 12;4 ¢ (0) sin bt),
k=0 1)
m—i tk )
Tnip(t) = ) 17 (—72ip2k-1(0) sinbt + 13112 (0) cos bt).
k=0
By (21), we have
2 2 7’%1/1 (0) + r%ﬂ,Z(O) 2m—2 2m=3 @
T (8) + T o) = TR ) tB(), (22)
[(m —1)!] ¢=0

where each By (t) is a bounded function.
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Substituting (12) and (18) into r(5)(t) = C3,(a,b)r(t) for s = 1,2,3, combined with (20), we see
that the coordinates of the derivatives of r(t) are
Fin () =arig (8) + brip(t) + riga1(8) = e {aTy0 (1) + 0T () + Tusivaa (1)},
Fia(t) = = brig(8) +arip(t) +rip1p(t) = e {=bTp1 (8) +aTin(t) + Tip12(H)},
Fia(t) = (ﬂ - bz) rig (£) +2abrip(t) + 2ari1,1(8) 4+ 2brisap(f) + rio1(t)

=e! { ( bz) Tosi (1) +2abTp;i0 () + 28T 41,1 (1) + 20T 1,2 (F) + T2 (f)} ,
+

Fio(t) = — 2abr;(t) (ﬂ - b2> rin(t) —2briy11(t) +2arip12() +ri0a(t)

=e {_2aanz;i,1(t) + (’1 - b2) m12( ) - 2anz;i+1,1(t) + zaTm;iJrl,Z(t) + Tm;i+2,2(t)} ’

7ia1(t) =a (“2 - 3bz> ria(t) +b <3112 - bz) rip(t) +3 (‘12 - bz) Tig1,1(t) 4+ 6abrii (1)
+3ariy0,1(t) +3briy02(t) +7ip31(t)
:eut { ( —3b ) mtl( ) +b (3a2 - bz) Tm;i,Z(t) +3 (a —b ) m;i+1, 1( ) +6abTm;i+1,2(t)

+3’1Tm;i+2,1 (t) + 3bTrn;iJrZ,Z (t) + Tm;i+3,l (t)} ’

Tiat) =—b <3a2 - bz) ri1(t) +a (aZ - 3b2> rio(t) —6abriz11(t) +3 (u2 - bz) riz12(t)
= 3bris(t) +3ariiop(t) +rigsa(t)
e { b (30> = 07) Ty (1) + a (a2 = 30%) Tia (1) — 6abT,i411 (1) +3 (4% = 82) Toia2(t)
73bTm;i+2,l (t) + 3aTm;i+2,2 (t) + Tm;i+3,2(t)} ’ (23)
where we have a convention that if i > m, thenr; ;(t) =0 (j = 1,2).

It should be noted that in the following subsections we will consider the case where A has more
than one block of the form J,(A) or Ciu(a,b), so when Py (t), Ty;i1(t) and Ty,;ip(t) appear in the
following, the r¢,;(0) in (16) should be understood as the coordinate of r(t) which corresponds to
the (k + I)th row of the diagonal block corresponding to the P, (t), and the r5; ;1 (0) and r5; 2 (0)

in (21) should be understood as the coordinates of r(t) which correspond to the (2i 4+ 2k — 1)th and
(2i 4 2k)th row of the diagonal block corresponding to the T, 1 (t) and Ty, 2 (t), respectively.

4.2. Function V,(t)

By Proposition 6, we have

LHOENDY : (24)

Considering the form of the expression of torsion T(t), it is necessary to make a detailed analysis of the
function V,(t).

Lemma 1. Suppose that #(t) = Ar(t) is a linear time-invariant system, where A is an n x n matrix in real
Jordan canonical form, and r(t) € R". The function V,(t) is given by (24). Then for any given r(0) € S,
we have
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(1) Vo(t) = 0 if and only if

A= R (AER) or A= - , (25)
OZXZ

wherez € {0,1,--- ,n};
(2) if Va(t) # 0, then there exists a T > 0, such that V,(t) > 0 forall t > T.

Proof. Suppose A is an n X n matrix in real Jordan canonical form.

(a) If A has a diagonal block Cy,(a,b) (without loss of generality, we assume that this Cy,(a,b)
block is the first diagonal block of A), then by (20), (22), (23), and the analysis of Section 4.4 of [3],
we have

#() #()]

IHOERDY
i(t)  #(t)

1<i<j<2m

4m—5
— ot <Ct4m4+ Y t"’B(P(t)>, (26)

¢=0

20,24 p2)\2 (2 2 2
Pt )[((n:’i'llg?]l“’”l(o)) > 0,and By(t) (¢ =0,1,--- ,4m — 5) are bounded

functions. It follows that there exists a T > 0, such that VZ(t) > 0 forall t > T.

where the constant C =

2,
then by (15), (17), and the analysis of

7

(b) If A has a diagonal block J,(A), where p > 3 or {i

Section 4.2 of [3], we have

1<i<j<p

~—

f’j(t) T’J(i’

where f(t) is a polynomial, and
bl) if p > 3, then de t)) =
Gt s(/(1) {4@_3)’ o
(b2) if p =2and A # 0, then f(t) = A*r3(0) > 0.
We see that for both (b1) and (b2), there exists a T > 0, such that f(t) > 0 forall t > T, thus

2

(D) Rt
il Hto =eMMr(t) >0 (27)

IHOCEEDY

1<i<j<p

ii(t)  #(t)

forallt > T.
(c) If Ahas J1(Aq) and J1(A2) as its diagonal blocks, where A1 # Ay and A, # 0, without loss of
generality we can assume A = diag{J;(A1), J1(A2),- - - }, then by (7), we have

V(1) > M2 05 (A2 — Ay)r(0)r2(0)} > 0.
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(d) If both J(0) and J1(A) (A # 0) are diagonal blocks of A, without loss of generality we can
assume A = diag{/>(0), Ji(A),- - - }, then we have

n nof [nen o |
Vi(t) > =
1"3(t) i"g(f) }U’3(t) )\21’3(1’)
#2(0 o I
— 2(0) = (A%“rz(o)r?,(o))z > 0.
)\e)‘ti’g(O) AzeAtrg(O)

In the case of (a) (b) (c) (d), we have show that there exists a T > 0, such that V,(t) > 0 for all
t > T. Note that (a) (b) (c) (d) cover all cases where A is a matrix in real Jordan canonical form except
the two cases in (25). Nevertheless, by direct calculation, we have V;(t) = 0 for the two cases in (25),
which completes the proof. [J

From Lemma 1, we know that except for the two trivial cases in (25), we have V,(t) > 0 when ¢ is
sufficiently large, that is to say, there exists a T > 0, such that we have the expression (5) of torsion T(t)
for all t > T, which avoids a lot of potential trouble when we consider the limit of 7(f) as t — 400 in
the proof of Theorem 2.

4.3. Function V3(t)

The function V3(t) is given by Proposition 6. In fact, we have

i = Y |5t i) )| (28)

By (17) and (23), we see that all coordinates of ) (1) (s =1,2,3) can be expressed in the form of

Fix(t) = R F(h),

where rl(_i) (t) denotes the coordinate of (%) (t) corresponding to the kth row of the ith diagonal block of

A. Hence

. . 2
Fivy (F)  Fipe, (]) i, (F)

Pty () Figer (1) i ()] = 2 {Re(Xi ) +Re(A; ) +Re(Aig ) g 4y, (29)
1;1‘3}](3 (t) ?ig;kg, (t) .i’.ig.,'kg, (t)

where G(t) is a linear combination of terms in the form of t# B, (t), where B, () is a bounded function.
In the remainder of this paper, set

M = max{Re(A)|A € 0(A)}.
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Then by (28) and (29), we obtain
A < 6M, (30)

where A1 denotes the maximum values of « in the terms of the form e*t# B, (t) in V2 (t).

4.4. Proof of Theorem 2 (1)

In order to give a proof of Theorem 2 (1), we only need to prove Proposition 10 (1). In this
subsection, we will discuss the two cases in which the zero solution of the system is unstable, and
obtain t lirf 7(t) = 0. In fact, we will prove Lemma 2 and Lemma 3.

—+00
Lemma 2. Under the assumptions of Proposition 10, if M > 0, then for any given r(0) € S, we have
lim 7(t) =0.

t——+o0

Proof. Suppose M > 0. Note that

VR fe(t)  Fe(t)  Tr(t)
"= - R -
Zl<p<q<n
fq(t)  74(t)

where the functions VZ(t) and V;(t) are both linear combinations of terms in the form of e*t# B, (t),
where each B, (t) is a bounded function. We will prove tlir+n T(t) = 0 for the following cases. For
—r o0

simplicity, let t > 0.
(a) If A has a diagonal block C,,,(M, b), then by (26), (29), and (30), we have
g y
eOMEF (1) + R(t)
4 2
VZ (t) {e4Mt (Ct4m—4 + Z‘(IPHLES t(PB(P(t)> }
B eOMIF () + R(t)
BVt (2488 4 YA 9 19By (1) )

=0 (t—= 4),

where the constant C > 0, all B,(t) and By(t) are bounded functions, the function F(t) is a linear
combination of terms in the form of t#B.(t), and R(t) is a linear combination of terms in the form of

e*tPB., (t), where & < 6M, and each B, (t) is a bounded function. Hence we obtain tlirf T(t) =0.
— oo

(b) If A has a diagonal block ],(M) (p > 2), then by (27), (29), and (30), we have

VR _ SME() 4 R()
ZOREIE0)

=0 (t— 40),

where f(t) is a polynomial satisfying f(t) > 0 and deg(f(t)) = 4(p — 2), the function F(t) is a linear

combination of terms in the form of t#B.(t), and R(t) is a linear combination of terms in the form of

etPB, (t), where & < 6M, and each B, (t) is a bounded function. Hence we obtain tlirf T(t) = 0.
—+oo
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(c) If in A only those J; (M) blocks are diagonal blocks satisfying Re(A) = M, then we should
consider the eigenvalues whose real part is less than M. In fact, suppose two J; (M) diagonal blocks
are in the ith and jth row of A, respectively. Then
2

:0/

eMtMr;(0) M M2r;(0)

eMtMrj(O) eMthrj(O)

which means this term has no contribution to the value of VZ(t). In addition, note that J; (0) diagonal
blocks in A do not affect the value of 7(t). We define

N = max{Re(A)|A € 7(A)\{M}},

where 7(A) denotes the set of eigenvalues of A which excluding the zero eigenvalues in J; (0) blocks.

(c1) Suppose that A has a diagonal block C,,(N,b). Let rp(t) denote the coordinate of r(t)
corresponding to the row of a diagonal block J; (M) of A, and 7y 1(t), ¥n2(t) denote the coordinate of
r(t) corresponding to the first and second row of the diagonal block C,,(N, b) of A, respectively. Then
by (22) and (23), we have

() i@ | () )

JF

iNa(t)  Pna(t)

Mt Mrp(0) Mt M2ry1(0)

N2(t)  Fna(t)

eNt {NTm;l,l(t) + bTm;l,Z(t) =+ Tm;2,1 (t)} eN[ {(NZ — bz) Tmﬂ,l(f) + ZNbTm;lrz(t) —+ - }

eMt Mr1(0) eMtM2r,1(0)
+

eN {—bTy11(t) + NTya2(t) + Tro2(t)} eNt L —2NbT,11(t) + (N2 = %) Tp1o(t) + - }

2m—3
=e2MEN)t A2 () { (Nz + bz) [(M — N2+ bz] [Tn%;l,l(t) + Tﬁ,;l,z(t)] + ) tXBX(t)}

x=0
2 (0 4 2 (0 2m—3 2m—3
—e2<M+N>fM2r§4(o){<N2+b2) (M- NP2+ 0] Tna O+ 72(0) r’"’zz( ) 2 Y By(1)| + Y tXBX(t)}
[(m =1)1] 9=0 =0
2m—3
—e2(M+N)t (szmz+ ZO t‘szp(t)) , (32)
w:

r%z/] (O) +r%1,2 (0)

where the constant C = M? (N2 + b?) {(M — N)? +b*} r3,(0) [(m—1)1)2

and By (t) are bounded functions.
(c2) Suppose that A has a diagonal block J,(N). Let 7 (t) denote the coordinate of 7(t) corresponding

to the row of a diagonal block J; (M) of A, and ryn(t) the coordinate of r(t) corresponding to the first
row of the diagonal block J,(N) of A. Then by (16) and (17), we have

> 0, and all By(t), By(t),

2

im(t) Fm(t) eM Mrp(0) eM M?ry(0)

in(t)  Fn(t) eN {NPy1 (t) + Ppa(t) } eNt {N?P,;(t) + 2NPps(t) 4+ Pps(t) }

2p—3
2 (MHN)t (cﬂi’z + ) t“’Brp(t)>, N #0,
=0
= 2(;—5 )
e2(M+N)t (Ct2p4 + Z t¢B¢(t)> , N=0andp >2,
=0
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where the constants C,C > 0, and all B,(t) and By (t) are bounded functions.
By (c1) and (c2), we can give the expression of V() in case (c). In fact, we suppose

le(N/bl)/Cle(NrbZ)/"' /ka(N/bk)/]pl(N)/]pz(N)/'” /]pZ(N)
(myzmy>--->2m,andpy = pr =2 pp)

are the all diagonal blocks whose eigenvalues satisfy Re(A) = N. Then by (24), (32), and (33), we obtain

v—1
sz(t) > e2(M+N)t <Ct1/ + Z t?’B(P(t)) , (34)
¢=0
where the constant C > 0,
max{2m; —2, 2p1 — 2}, N #0,
v {2my P1 } # (35)
max{2m; —2, 2p; —4}, N =0,

and each B(t) is a bounded function.
In what follows, A; and A, denote the maximum values of « in the terms of the form et/ B, (t)
in VZ(t) and V3'(t), respectively. Then by (34), we have

Ay = 4(M+N).

In the determinant of (29), we can see that at most one row corresponds to a diagonal block with
eigenvalue M, and the real parts of eigenvalues of the diagonal blocks corresponding to the other two
rows are not greater than N, otherwise the determinant vanishes in V32 (t). Hence we have

A1 < 2(M+2N).
Thus, we have A1 — Ay < —2M < 0. It follows that

V2(t) - eMIF(t) + R(t)

= X ~ —0 (t — +OO),
Vi(t) et (Ct2V +X0 t¢B¢(t))

where the constant € > 0, each By(t) is a bounded function, the function F(t) is a linear combination
of terms in the form of t*B,(t), and R(t) is a linear combination of terms in the form of e*t’B,(t),
where & < Ay, and each B, () is a bounded function. Hence we obtain , 1114{1 T(t) = 0.

—+00

Note that (a) (b) (c) cover all cases that satisfy M > 0, which completes the proof. O

Now we give Lemma 3.

Lemma 3. Under the assumptions of Proposition 10, if M = 0, and A has a diagonal block C,,(0,b) (m > 2),
then for any given r(0) € S, we have tlir+n T(t) = 0.
—+00

Proof. Suppose M = 0, and A has a diagonal block C,,(0,b) (m > 2). Then from (30), we have A; < 0.
From (24) and (26), we have A, = 0.
If Ay < Ay =0, then we have thT T(t) = 0.
— oo
If Ay = Ay = 0, in order to obtain the limit of 7(t) as t — 400, we need to compare the highest
power of t of terms in the form e”t#B. (t) in the numerator and denominator of T2(t). Let T and T



Mathematics 2020, 8, 386 17 of 22

denote the maximum value of B in the terms of the form e”t# B, (t) in VZ(t) and Vj(t), respectively.
Then we have

I <6(m—1). (36)

In fact, by (21) and (23), for a diagonal block C,,(0, b) (m > 2), the functions Ty, 1(t) and Ty, 2(t) can
reach the highest power m — 1 of t, namely #"~!, thus rgsl) (t) and rgsg(t) (s =1,2,3) corresponding
the first two rows of Cy,(0,b) (m > 2) can reach the highest power m — 1 of t. Hence by (28) and (29),

we obtain (36). In addition, by (24) and (26), we have
I, =2(4m—4)=8(m—1).
Therefore I'y < 6(m —1) < 8(m — 1) = I'y. It follows that

2 U1 #9B,(t) + R(¢t
0<7T(t) = Vi(t) < Zq,:o F(PEl) 2 =0 (t— +00),
V3 (8)  CHl2 + D2 9By (1)

where the constants C > 0, all B, (t) and By (t) are bounded functions, and R(t) is a linear combination
of terms in the form of e*t#B, (t), where « < 0, and each B, (t) is a bounded function. Hence we
obtain lim 7(f) =0. O
t—-+o0
Lemma 2 and Lemma 3 show that under the assumptions of Proposition 10, if the zero solution
of the system is unstable, then tEr-Poo 7(t) = 0. That is to say, Proposition 10 (1) is proved. Thus we

proved Theorem 2 (1).

4.5. Proof of Theorem 2 (2)

We have proved Proposition 10 (1), and in order to prove Proposition 10 (2), we only need to
prove the following lemma.

Lemma 4. Under the assumptions of Proposition 10, if M = 0, and in matrix A only those C1(0,b) blocks are

diagonal blocks satisfying Re(A) = 0, then for any given r(0) € S, we have thT T(t) =0or thT T(t) =C,
— 100 — 100

where the constant C > 0.

Proof. Set

C1(0,y)
Cl (0/ bZ)

Cl (O/ bs)

2

where all eigenvalues of A have negative real parts.

(1) If s = 1, then by (24) and (26), we have A, = 0. In the determinant of (29), we can see that
at most two rows correspond to the diagonal block C;(0, b1 ), and the real part of eigenvalue of the
diagonal block corresponding to the other row is negative. Hence A; < 0. It follows that tEI—Poo T(t) = 0.
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(2)If s > 1, then A1 < 0 = A,. By direct calculation, we have

Licicjes 702 (b7 - b;>2 (210) +72,(0)) (12,(0) +12,(0))

fgrfwr<t)_ s 2 (.2 2 2 s 4 (.2 2
{):kzl by (%1(0) + rk;z(o)) } Yi-1b (rl;l (0) + 71;2(0))
0 by =by=---=b;,
- \lc> 0, else.

Hence we have tlim T(t) =0or lim 7(t)=C>0. O

— 400 t—+o0

By Proposition 10 (1) and Lemma 4, we proved Proposition 10 (2), which completes the proof of
Theorem 2.

4.6. Remark

In Theorem 2 and Proposition 10, the condition that A is invertible cannot be removed. In fact, we
have the following two examples.

(1) Let
01 0 O
A= 8 g —01 (1)
0 0 -1 -1
Then by (31), we have
e*'r3(0)

2(t) = 5
{e2r2(0) +73(0) +r3(0) }

for any given r(0) € S. It follows that

li =
Am T = o)

Nevertheless, since det A = 0, we cannot obtain stability from , lir+n T(t) # 0. In fact, noting that Ais a
—+00

matrix in real Jordan canonical form which has a diagonal block J>(0), we know that the zero solution
of the system is unstable.

(2) Let
-1 1 0 0
0 -1 1 0
A= 0 0 -1 0
0 0 0 0

Then by a direct calculation, we have

lim 7(t) = 400
t—+o00

for any given r(0) € S. Nevertheless, since detA = 0, the zero solution of the system is not
asymptotically stable.

5. Examples

In this section, we give two examples, which correspond to Theorem 1 and Theorem 2, respectively.
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5.1. Example 1
Let r(t) = (r1(t), ra(t), r3(t), ra(t))" € R4, and
25 -8 —39 19
—-14 —-10 —-26 14

9 0 7 =9
-5 -8 -21 -1

Then 7(t) = Ar(t) is a four-dimensional linear time-invariant system, and det A = 1320 # 0. Set

4
E= {r(O) c R*
i=1

Hvi,o#o},

where
—n (0) 21’3(0) + 1’4(0),
Uy = —11 (0) 21’2(0) + 7’3(0),
03,0 = —71(0) 4+ 2r2(0) + 2r3(0) +74(0),
040 = 11(0) +73(0) — r4(0).

Then the Lebesgue measure of E satisfies m(E) = +o0. By direct calculation, the limits of the first

curvature and the torsion of the trajectory r(f) as t — +o0 are lim x(t) = 0and lim 7(t) = 0 for
t—+oo t—+oo

r(0) € E, respectively. Nevertheless, the third curvature x3(t) of the trajectory r(t) satisfies

li =
t~l>l;{loo Kg(t) oo

for any r(0) € E. Consequently, from Theorem 1, the zero solution of the system is asymptotically
stable.
The graph of the function x3(t) is shown in Figure 1, where r(0) = (1,1, 1, 1)T.

K3

4% 106}
3x 10°}
2x 105}

1x 105}

: : : —- {
5 10 15 20
Figure 1. Function x3(t).

5.2. Example 2

We consider a popular model in classical mechanics called coupled oscillators (cf. [10]). Two masses
P and Q are attached with springs. Assume that the masses are identical, i.e., mp = mg = m, but the
spring constants are different, as shown in the Figure 2.
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k K k
X
\ \

Xp XQ

Figure 2. 1D Coupled Oscillators.

Let xp be the displacement of P from its equilibrium and xg be the displacement of Q from its
equilibrium. Holding Q fixed and moving P, the force on P is

Fip = —kxp — K'xp.
Holding P fixed and moving Q, the force on P is
Bp =k'xg.
Thus by Newton’s second law we have
mip = Fip+ bp = —(k+k)xp + K xq.
Similarly, for Q we have
mig = —(k+k)xg+Kxp.

Introducing two variables vp = xp and vy = %, the above equations are equivalent to the following
linear system

xp 0 0 1 0\ /xp
XQ 0 0 0 1 XQ
op | |2k ¥ o ol |op | 7
P m m P
Z)Q % —kj;lk/ 0 O ZJQ

For simplicity we denote the system by 7(t) = Ar(t), where

XP(t) 0 0 1 0
_ XQ(i’) _ 0 0 0 1
= op(t) | 4= L N
vg(t) £ —EE 00
Set
E= {r(O) € R* (r§(0) —r§(0)) (rg(O) —rﬁ(o)) #0}.

Then the Lebesgue measure of E satisfies m(E) = +co. By direct calculation, the torsion 7(f) of the
trajectory r(t) is a periodic function and t lim 7(t) does not exist for any r(0) € E. Hence by Theorem 2,

—r+o0

the zero solution of the system (37) is stable.
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As an example, we suppose that k/m = 1 and k' /m = 2, and the initial value r(0) = (1,2,1, Z)T.

Then we have
V/5sin (2\/515) + 2 cos (2\@15) +17
2 {\/Bsin (2\/§t) +2cos (2\@) - 11}2.

The graph of the function 7%(¢) is shown in Figure 3.

2
T

0.15
0.10¢

0.051

0 2 4 6 8
Figure 3. Function 72(t).
6. Conclusions and Future Work

The main contribution of this paper is to further develop the geometric description of stability
of linear time-invariant systems in arbitrary dimension. Unlike traditional methods based on linear
algebra, we focus on the curvature of curves. Specifically, the main results of this paper, Theorem 1
and Theorem 2 are proved. For the case where A is similar to a real diagonal matrix, Theorem 1 gives
a relationship between the ith curvature (i = 1,2, - - - ) of the trajectory and the stability of the zero
solution of the system #(t) = Ar(t). Further, Theorem 2 establishes a torsion discriminance for the
stability of the system in the case where A is invertible.

For each theorem, we give an example to illustrate the result. In particular, we use the coupled
oscillators as an example of the torsion discrimination.

In the future, we will continue to use geometric methods to describe the properties of other kinds
of control systems.
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