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MOTIVATION
The Fréchet mean is an important statistical summary which has
been defined and studied for sets of persistence diagrams
(Mileyko, Mukherjee, and Harer, 2011; Munch et al., 2015;
Turner et al., 2014). However, for a given set of persistence
diagrams, the geometry of the space of persistence diagrams
implies that the Fréchet mean may not be unique. This
nonuniqueness prohibits convergence analysis for empirical
Fréchet means of persistence diagrams (Cao and Monod, 2022),
which motivates our study of what conditions yield a unique
Fréchet mean and how fast do empirical Fréchet means converge
to the population Fréchet mean.

SPACE OF PERSISTENCE DIAGRAMS
A persistence diagram is a locally finite multiset on the half plane
Ω = {(x, y) ∈ Ò2 | x < y} together with points on the diagonal
∂Ω counted with infinite multiplicity. For any two persistence
diagrams X and Y , define the 2-Wasserstein distance by

W2(X,Y ) = inf
φ

(∑
x∈X

∥x − φ (x)∥2

) 1
2

where φ : X → Y ranges over all bijective matchings between X
and Y . Let D2 be the set of persistence diagrams with finite total
persistence. The metric space (D2,W2) is known to be an
Alexandrov space with nonnegative curvature (Turner et al.,
2014). So for any two persistence diagrams in D2 there is a
shortest path joining them, and for any triangle in D2, there is an
isometric triangle in the Euclidean plane Ò2 with smaller angles.

Positive curvature at the boundary:
Consider X = {x} and Y = {y} both
with a single off-diagonal point and O
with no off-diagonal point. The edges
of the triangle △OXY ⊆ D2 are plotted
with solid lines. Let ·⊤ denote the
projection to the diagonal. For the
comparison triangle, given two edges
xx⊤, xy, and the angle ∠x⊤xy, the
length of the third edge is ∥x⊤y∥. We
see that ∥x⊤y∥ > ∥yy⊤∥, indicating
positive Alexsandrov curvature.

FRÉCHET MEANS AND GROUPINGS
Given a finite set of persistence diagrams D1, . . . ,DL, a Fréchet
mean is any persistence diagram minimizing the following
function

F (D) = 1
L

L∑
i=1

W2
2(D,Di)

Suppose Di consists of ki off-diagonal points for i = 1, . . . , L. Set
K =

∑L
i=1 ki. A grouping is a K × L matrix G such that the ℓ th

column Gℓ consists of kℓ off-diagonal points of Dℓ and K − kℓ
copies of the diagonal ∂Ω. Let Gi denote the algorithmic mean of
the ith row of G. The mean of a grouping mean(G) is a
persistence diagram with points given by Gi. The variance of a
grouping G is defined as

Ö(G) = 1
L

L∑
ℓ=1

K∑
i=1

∥Gℓ
i − Gi∥2

Theorem (Munch et al., 2015; Turner et al., 2014) If D⋆ is a
Fréchet mean of D1, . . . ,DL, then D⋆ = mean(G⋆) for some
grouping G⋆.
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λ-SEPARATED GROUPINGS
For any grouping G, we have the following variance formula:

Ö(G) = 1
L2

K∑
i=1

∑
1≤w<ℓ≤L

∥Gw
i − Gℓ

i ∥2 (I)

+
K∑

i=1

L − si

L2si

∑
1≤w<ℓ≤si

∥(Gjw
i )

⊤ − (Gjℓ
i )

⊤∥2 (II)

where Gjℓ
i , ℓ = 1, . . . , si ranges over all off-diagonal points in the

ith row of G. The variance decomposes into two parts: (I) is the
usual variance if all points are measured under Euclidean
distance; (II) is the augmented variance due to curvature caused
by the diagonal.

We say a grouping G λ-separated, if there exists λ > 0 such that

(a) For each row Gi, the diameter is bounded above by λ. i.e.,
∥Gw

i − Gℓ
i ∥ < λ for all w, ℓ = 1, . . . , L;

(b) For two distinct rows Gi,Gj, the distance between Gi and Gj is
bounded below by λ. i.e., ∥Gw

i −Gℓ
j ∥ > λ for all w, ℓ = 1, · · · , L;

(c) Off-diagonal points are bounded away from the diagonal by λ.
i.e., ∥Gw

i − ∂Ω∥ > λ for Gw
i , ∂Ω.

Theorem For D1, . . . ,DL, if there exists a λ-separated grouping G,
then mean(G) gives the unique Fréchet mean.

Left: A grouping violates condition (a) and (b). The grouping is optimal but the
Fréchet mean is not unique; Right: A grouping violates condition (c). The
grouping is not optimal.

STATISTICAL PROPERTIES
Let ρ = 1

L
∑L

i=1 δDi be a discrete probability measure. If there
exists a λ-separated grouping G for D1, . . . ,DL, then

▶ D⋆ = mean(G) is the unique population Fréchet mean;
▶ D̂ = mean(Ĝ) is the unique empirical Fréchet mean for i.i.d.

samples from ρ with empirical λ-separated grouping Ĝ;
▶ Let σ2 = Ö(G). Then

Å[W2
2(D̂,D⋆)] ≤

σ2

B
where B is the sample size.
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