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摘要 

 

本文提出一种对数据进行乘积空间建模并计算其持续同调的方法。首先利用图贝

叶斯理论计算图的后验概率，推断数据底空间的独立分量。然后对数据集进行投

影并计算各分量空间的持续同调。最后利用Kunneth 定理推断出全空间的同调。 

 

关键词：持续同调，图模型，Kunneth 定理，蒙特卡洛马尔科夫链 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Abstract 

 

In this paper we propose a method to compute the high dimensional persistence of data 

sets using Kunneth formula. First we view each point as an observation of a random 

vector and apply Bayesian inference to its graphical model. We introduce a prior on the 

space of disconnected graphs and compute the posterior probability using Markov chain 

Monte Carlo algorithm. Then we project the points onto its independent coordinates 

according to the graph and compute the persistence respectively. Finally the persistence 

of original data set is obtained by applying Kunneth formula to the factor spaces. 

 

Key words：persistent homology, graphical modeling, Kunneth theorem, Monte Carlo Markov 

chain 
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1 ÚÚÚóóó

1.1 ¯̄̄KKKÚÚÚ\\\

ÿÀêâ©Û�y�êâ�ÆJø
�«�#�w�êâ�*:"§�3Ï

é�êâ8¥��NA�"±�5�ê�Ì�óä�DÚ�{3êâ8äk�r

��5(���JûÐ"�êâ8�(�pÝ��5�£~Xêâ�g,���

56/¤§DÚ��{�U^5uyÙ�5�ÛÜ§
Ã{&Äêâ8��N5�"

ÿÀêâ©Û�Ì�g�3uÂ8êâ�ÛÜ&E§¿�E�¹�Û&E�AÛ

é�"ù���éXÛÜÚ�N�xù§3²;��êÿÀnØ¥¡� ²" 

²´��Ä�üXE/§§�üXÓN´��Ó�ØCþ§l
�L
êâ��

ÛA�"

¦+ÿÀêâ©Û�êâ�ÆÚ\
#�Eâ§Ù��Ek�
­�¯K�

)û"��;.�¯KÒ´�Xêâ8�êþOõ§�êOp§ü/�êþ¬¥

�êO\§�ÑO�Å��;Uå"8c±YÓN�O�Ê330�§1�Ú2�"

éu�p��±YÓN�O�§vkp���{"Ïd���êâ8�Ñ$��

.´�B�§
�êâ8�Ñp��§¢��.K�3X(J"ATuÐ#�E

â�{zêâ�p�±YÓN�O�"

��g,��{´3O�±YÓN�c�{ü$êâ8��ê"XJ®²�

�êâ8�S%�m´��¦È�m§@où��{´N´¢��µéêâ8?

1ÝK§©OO���$�©þ�m�±YÓN§���â�êÿÀ¥�nØí

ä��m�ÓN"Ïd¯Kz8�XÛ�Oêâ85g¦È�m"3ÚOÆ¥§ù

�du�äêâ��I�m��'5"b�êâ:Õá/�gu���Å�þX =

(X1, X2, · · · , Xn)"XJù
�ÅCþXiU
©)¤Õá�|§�ó�§XJ�Å

�þ�VÇ�Ý¼êkXe©)

f(x1, x2, · · · , xn) = f(x1, · · · , xk)f(xk+1, · · · , xn) (1.1)

@où
êâ:Ò�guü�Õá��m"�
íä�ÅCþ�m��'5§·

�=�ã�.£½VÇã�.¤nØ"3ù�nØ¥·��Ä������'X§

¡��ÅCþm�^�Õá5¶^ù�'X�E��Ã�ã§§�z�º:�L

���ÅCþ§z^>�L���ü��ÅCþØ´^�Õá�"'u�ÅCþ

�m��'5�íäz8�ã�íä"
ã�íä3NõÚOÆ[�uÐe§®

kNõ`D¤Ù��{"�©314!0���dS.LunagómezÚS.Mukherjee�[21]

uÐ��#��{§¿éd�{?1U?"òU?��{��c�?Ø�(Ü§B

UéäkA½�'5(��êâO�p�±YÓN"
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1.2 ÌÌÌ������zzz

• JÑ�«#�O�êâ8p�±YÓN��{"ù��{éX
ü�ØÓ�
nØ§±YÓNnØÚã�.nØ¶

• ÏLïÄØëÏã�m�5�§U?
[21]¥O�ã���VÇ��{¶

• ò�©�{A^ug,ã�ÚO¥§3[5]ó��þ§?�Úuyp�Ýpé

'Ý1Æã�¬�S%�mäk¦È�m(�§
Ù�²�ÓNþ5gu1

��©þ�m¶

• �Ñ
�þ�Künneth½n���Ð�y²"

1.3 ���!!!SSSNNN

12!0�±YÓNÚã�.nØ��
Ä�Vg"13!0�?¿�þ�Kün-

neth½n¿�Ñ��Ð���5�ê�y²"14!0�[21]¥uÐ��Akâê�

�Åó�{£MCMC�{¤§y²ØëÏã�m���ì?5�§�âù�5�J

Ñ#�MCMC�{"15!ò�{A^u�E�êâÚý¢�êâ"ÏL©Ûò�

{A^u1Æã�êâþ�(J§�êâïá��¦È�m�."��§316!

o(�©§¿é���ó�?1Ð""

2 ýýý������£££

�!0�±YÓN�ã�.��
Ä�Vg"�Bå�§üXÓN¥�ó+§

ÓN+�þ±�2�{a+Z2�Xê§l
´Z2þ��þ�m"¤k�üXE/Ñ

b�k�"�!��{�0�
ã��d��#?Ð"

2.1 ±±±YYYÓÓÓNNN

b�a0, a1, · · · , an´RN¥?u�� ��:§�=n��þa1−a0, a2−a0, · · · , an−
a0�5Ã'"±a0, a1, · · · , an�º:�üX/σ = a0a1 · · · an´ù
º:�à�µ{v ∈
RN |v = x0a0 + x1a1 + · · ·+ xnan,

∑
xi = 1, xi ≥ 0}"σ�¡´d{a0, a1, · · · , an}�f

8)¤�üX/"��üXE/K´�X�üX/�8Ü§§÷vµ

1. 8Ü¥?¿ü�üX/��½��8§½�ü�üX/�ú�¡¶

2. XJüX/τ3K¥§§�¤k¡�3K¥"

K�pó�þ�m´dK¥¤k�p�üX/3Z2þÜ¤��þ�m§P�Cp(K;Z2)"

½Â�þ�mÓ�∂p : Cp(K;Z2)→ Cp−1(K;Z2)§§3Äþ��^�

∂p[a0, a1, · · · , ap] =
∑
i

[a0, · · · , âi, · · · , ap] (2.1)
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∂p���¡�p�>�Ó��f"-F (σ)PüX/σ�¤kp−1�¡�8Ü"úª(2.1)

�du

∂pσ =
∑

σi∈F (σ)

σi (2.2)

AÛþ∂prσN�Ù>.Bdσ = ∪F (σ)"N´�y∂p+1 ◦ ∂p = 0"Ïd§∂p+1��

´∂p�Ø�f�m"∂p+1���¡�p�>��þ�m§P�Bp(K;Z2)"∂p�Ø�

¡�p�4ó�þ�m§P�Zp(K;Z2)"Bp(K;Z2)ÚZp(K;Z2)¥���©O¡�p�

>�Úp�4ó"p�üXÓN�þ�mHp(K;Z2)½Â�û�mZp(K;Z2)/Bp(K;Z2)"

Hp(K;Z2)��ê�¡�p��0ê"

üXE/K�.�m½Â�K¥¤k���¿"üXÓN�þ�m´ÿÀ�Ø

Cþµb�KÚL�üXE/§g´òK�.�mN�L�.�m�Ó�§@ogp�


��ÓN�þ�m�Ó�g∗ : Hi(K;Z2)→ Hi(L;Z2)"Ïd§��üXE/��

��0ê%¹
Ù.�m�­��ÿÀ&E"

��~^�^5�EüXE/��{´|^CX� ²"b�U = {U0, U1, · · · , Un}
´�mS���CX"±Ui�º:"Ui1, Ui2, · · · , Uik)¤��k�üX/��=�Ui1∩
Ui2∩· · ·∩Uik 6= ∅" ²N(U )´¤kù
üX/�8Ü§�â½Â§Ù���¤�

�üXE/"3ÿÀêâ©Û¥§�
�êâS��AÛ(�§3z�êâ:?�

����»�ε�¥"CX{Bε(x)|x ∈ S}� ²�¡�êâ8S�ČechE/§r§

P�Čech(ε, S)"ÏLO\�»ε§���xüXE/÷v

Čech(ε1, S) ⊆ Čech(ε2, S), ε1 < ε2

����§üXE/K�fE/S�{Ki}�¤
��LÈ§XJ{Ki}÷v

∅ = K0 ↪→ K1 ↪→ K2 ↪→ · · · ↪→ Kn = K

ù
�¹N�p�
ÓN�þ�m�Ó�

0 = Hi(K0;Z2)→ Hi(K1;Z2)→ Hi(K2;Z2)→ · · · → Hi(Kn;Z2) = Hi(K;Z2)

3LÈ¥§lKi�Ki+1V\
#�üX/"V\��#�p�üX/σ½öO

\��#�p�4ó§d�¡σ��¶½ö~���(p − 1)�>�§d�¡σ�K"

[12]y²
z�K�p�üX/éA������(p − 1)�üX/"òù���K

üX/?1�é§^���4�m«m[ap, bp)P�KüX/é?\LÈ��m§Ù

¥ap ´�üX/?\LÈ��m§bp´KüX/?\LÈ��m§XJ���ü

X/vkKüX/���é§Kbp�∞§[ap, bp)¡�p�^è(barcode)"¤kp�^

è�8Ü¡�p�±Y"

êâ8�±Y%¹
ÙS%�m�­�ÿÀ&E"3��±Y¥§��^è

)º�S%�m�ý¢�ÿÀA�§
á�^èK)º�ÿÀD("éu�á�

½þ�?Ø�[7]"
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^���ê�±�±YÓN�Ñ/ª�£ã"3[29],[4]¥§^è�)º�©g

�þ�©g��IOÓN¥�ØCþ"3ù�)ºeG.Carlsson��Ñ
O�?¿

�þ�±YÓN��{§¿�y²
3Ø±��Xê��/e§^èÚ±Y�V

gØ2¤á"

2.2 ããã���...

^�Õá´����ïþ�ÅCþÕá5�Vg"�½n��ÅCþX, YÚZ§

XJXÚY3�½Ze�éÜ^�VÇ©Ù÷v'Xªf(x, y|z) = f(x|z)f(y|z)§K

¡XÚY3�½Ze^�Õá£conditional independent¤§ÄK¡XÚY3�½Ze

^��'£conditional dependent¤"�Ä���Å�þX = (X1, X2, · · · , Xp)§Ù

éÜVÇ�Ý�f"½Âù���Ã�ã§Ù¥z��ÅCþ½Â
��º:§ü

�º:�më>��=�ü��ÅCþ3�½Ù¦¤k�ÅCþe^��'§�

=§�½{Xk|k 6= i}eXi�^�©Ù��½{Xk|k 6= i, j} eXi�^�©ÙØÓ"

f(xi|x1, · · · , x̂i, · · · , xp) 6= f(xi|x1, · · · , x̂i, · · · , x̂j, · · · , xp) (2.3)

Ù¥x̂iL«�Øxi"�I = {1, 2, · · · , p}´���I8"�f??���§ª(2.3)�

du

f(xi, xj|xI\{i,j}) 6= f(xi|xI\{i,j})f(xj|xI\{i,j}) (2.4)

�G = (V , E)´Ã�{üã"G�¡���ãXJG¥zü�º:Ñë>"ãG�
����fã§XJ�éu�¹´4��§�¡�ì£clique¤"ë�ü�º:vi, vj�

�´´��å©uvi§ª�uvj�>�S�"b�n�8ÜA,B, S�¤
º:8V�
y©"n�|(A,B, S)¡�ãG�©)§XJSp��fã´���¿�?Ûë�A¥
º:vaÚB¥º:vb��´7½²LS"d�S�¡���©)f"aq�§éA ∪
Sp��fãÚB∪Sp��fã�©)§­ETÚ½��¤k8ÜÃ{UY©)"
�ª���Ã{©)�fã¡�ãG��©|"��ã�¡��©)�§XJ¤k
��©|Ñ´ì§ÄK¡ÙØ�©)"PP�¤k�©|�8Ü§S�¤k©)f
�8Ü"Hammersley-Clifford½n[3]¡§3÷vA½�^�e§éÜVÇ�Ý¼êf�

éu§�ã�3��©)"

½n(Hammersley-Clifford). b�éÜVÇ�Ý¼êf??��"G´dfû½�ã§
¿�G´�©)�"@of�éuGk©)

f(x) =

∏
a∈P ψa(xa|θa)∏
b∈S ψb(xb|θb)

Ù¥PÚS©O´�©|Ú©)f�8Ü§ψ(x|θ)´>��Ý¼ê"

é�ÅCþ^�Õá(��íä3ã�.¥�duéã�íä"3IO��

�díä�µe¥§k3ã�mÚëê�mþ�k�©Ù§,�ÏLO�q,¼
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ê��ã���©Ù"�Gp´¤kkp�º:�ã�8Ü"G ∈ Gp§ΘG´G þ�
ëê�m"ãÚëê�éÜk�©Ù�

p(G, θ) = p(G)p(θ|G),G ∈ Gp, θ ∈ ΘG (2.5)

p(G)Ï~��Gpþ�þ!©Ù"A.P.DavidÚS.L.Lauritzenép(θ|G), θ ∈ ΘG�À�

uÐ
î>���nØ[8]§�aU
3ëêY²¢D�ÅCþ^�Õá(��k

�©Ù�ü
�'­���Ú§ù��k�©Ù�¡��ê��Å{K(hyper Ma-

rkov law)"~Xéu"þ��õ�pd©Ù§Ù°ÝÝ
£���Ý
Σ�_¤�

k�©Ùp(Σ−1|G)Ï~À��_%âA©Ù£hyper inverse Wishart distribution¤"

�_%âA©Ù´8cïÄ��2�Ú�\��ê��Å{K"b�x(1), x(2), · · · ,
x(n) ��g©Ùf§z�x(i)´Rp¥����þ"d��dúª��

Pr(G|x(1), · · · , x(n)) ∝
∫

ΘG

f(x(1), · · · , x(n)|θ,G)p(G)p(θ|G)dθ (2.6)

ùpf(x(1), · · · , x(n)) =
∏n

i=1 f(x(i)|θ,G)"È©M(G) =
∫

ΘG
f(x(1), · · · , x(n)|θ,G)

p(θ|G)dθ�¡�ãG�>�q,"M(G)�O�´íä¥�'���Ú§�´�(J

��Ú"éu"þ�õ���©Ù§e°ÝÝ
Ñl�_%âA©Ù§M(G)d

(2.7)�Ñ

M(G) =
1

(2π)
np
2

IG(δ + n,D +
∑n

i=1 x
(i)x(i)t)

IG(δ,D)
(2.7)

Ù¥IG(δ,D)´ëê�δÚD��_%âA©Ù�8�z~ê"δ > 2´��ê§D´

���½Ý
"xtL«��þx ∈ Rp�=�"

XJG�©)§8�z~êIG(δ,D)kwªL�§l
M(G)�U�wª�úª

�Ñ"-C�ì�8Ü"éz�ìC ∈ C§

IC(δ,DC) =
2
nc
2 Γc(

δ+c−1
2

)

|DC |
δ+c−1

2

(2.8)

Ù¥Γc(·)´õ�³ê¼ê

Γc(a) = π
c(c−1)

4

i=c−1∏
i=0

Γ(a− i

2
) (2.9)

éu�©)�ã§G�8�z~ê�

IG(δ,D) =

∏
A∈P IA(δ,DA)∏
B∈S IB(δ,DB)

(2.10)

XJãGØ�©)§@o8�z~ê�UÏLê��{?1O�"[2]é��©Ù�

�¹�Ñ
��p��CqO�8�z~ê��{"

6
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3 ¦¦¦ÈÈÈ���mmm���ÿÿÿÀÀÀ

�!?Ø¦È�m�ÿÀ"Äk�Ä�¯K´XÛ�üXE/�¦È�m�

�Ün�üX¿©§ùp��{5g[22],[17]",��Ñ
�þ�Künneth½n��

�Ð���5�ê�y²"���Ñ��~f�yKünneth½n§ù�~f�´p

�±YÓNO��{�éu"

3.1 ¦¦¦ÈÈÈ���mmm���üüüXXX¿¿¿©©©

�KÚL�üXE/"KÚL�(k�ÈK × L¥���kσ × τ, σ ∈ K, τ ∈
L�/ª§�±wÑK×L��
óØ´üXE/"~X§ü�ü «m£1�üX

/¤�(k�È´��ü ��/§
ü ��/Ø´��2�üX/"7Lk�

¦È�m|K| × |L|��üX¿©§âU?Ø|K| × |L|þ�üXÓN"
�Äù���~fµ-σ = v0v1v2Úτ = u0u1�ü�üX/"σ´��n�/§

τ´�^�ã"σ × τ´��ncÎ"
σ×τ�º:�(vi, uj), i = 0, 1, 2; j = 0, 1"-(i, j)L«2×1Ý/��¥��:"

�α´��¥�^å©u(0, 0)(åu(2, 1)��´§zg�U�mr½ö�þr"�

�þ��kn^ØÓ��´§©O�

α0 = (0, 0)→ (1, 0)→ (2, 0)→ (2, 1)

α1 = (0, 0)→ (1, 0)→ (1, 1)→ (2, 1)

α2 = (0, 0)→ (0, 1)→ (1, 1)→ (2, 1)

Pº:(vi, uj)�wij"½Ân�üX/

κ0 = w00w10w20w21, κ1 = w00w10w11w21, κ2 = w00w01w11w21

ùn�3�üX/�Ñ
σ × τ�¿©§�ó�§σ × τ´ùn�üX/�¿"
��/§-σ = v0v1 · · · vm, τ = u0u1 · · ·un"σ× τ�º:P�wij"k

(
m+n
m

)
å©

u(0, 0)ª�u(m,n)��´"Pαr�ù���^�´"½Â

κr = wαr(0) · · ·wαr(m+n)

σ × τ´ù
m+ n�üX/�¿"

�K,L�üXE/§3KÚL�º:8þ©O����S"½ÂK×L��¹κrÚ
§�¤k¡�8Ü"K × L ´��üXE/§§�.�m|K × L|�|K| × |L|k�
Ó�ÿÀ"Ïd�±^|K × L|L«|K| × |L|"

-{C(K;Z2), ∂K}�K�óE/§{C(L;Z2), ∂L}�L�óE/"ü�óE/�Ü

7
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ã 1: ncÎσ × τ©)�n�üX/κ0, κ1, κ2�¿"

þÈ{C(K;Z2)⊗ C(L;Z2), ∂̄}½Â�

(C(K;Z2)⊗ C(L;Z2))p =
⊕
i+j=p

(Ci(K;Z2)⊗ Cj(L;Z2))

∂̄(σ ⊗ τ) = (∂Kσ)⊗ τ + σ ⊗ (∂Lτ)

dúª(3.1)½Â��éAφ : (C(K;Z2)⊗ C(L;Z2))p → Cp(K × L;Z2)

φ(σ ⊗ τ) =
∑

∪κr=σ×τ

κr (3.1)

e¡�yφ´��óN�"�=§XeãL��

(C(K;Z2)
⊗
C(L;Z2))p

φ−−−→ Cp(K × L;Z2)

∂̄

y ∂K×L

y
(C(K;Z2)

⊗
C(L;Z2))p−1

φ−−−→ Cp−1(K × L;Z2)

��O�L²

∂K×L(φ(σ ⊗ τ)) = ∂K×L

( ∑
∪κr=σ×τ

κr

)
=

∑
∪κr=σ×τ

 ∑
θr∈F (κr)

θr

 (3.2)

5¿�3σ×τSÜ�(p-1)¡θØ¬Ñy3Úª¥§Ï�θ7½´ü�üX/καÚκβ�

ú�¡"Ïd���Úª��¹Bd(σ×τ)�(p-1)�üX/"ùpBd(σ×τ)L«σ×

8
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τ�>."

φ(∂̄σ ⊗ τ) = φ((∂Kσ)⊗ τ + σ ⊗ (∂Lτ))

=
∑

η∈F (σ)

φ(η ⊗ τ) +
∑

ε∈F (τ)

φ(σ ⊗ ε)

=
∑

η∈F (σ)

( ∑
θ∈Bdη×τ

+
∑

θ∈η×Bdτ

)
θ +

∑
ε∈F (τ)

( ∑
θ∈Bdσ×ε

+
∑

θ∈σ×Bdε

)
θ

=
∑

θ∈σ×(Bdτ)

θ +
∑

θ∈(Bdσ)×τ

θ

= ∂K×L(φ(σ ⊗ τ))

ùp^�
��¯¢Bd(σ × τ) = (Bdσ)× τ ∪ σ × (Bdτ)"

¯¢þ§ù�óN�´��óÓÔ�d[14]"ÏdóN�φp�
�þ�m�

Ó�"

½n(Eilenberg). �KÚL�üXE/§óE/φ3z��ênÑp�
�þ�m�Ó

�φ∗ : Hn(C(K;Z2)⊗ C(L;Z2))→ Hn(K × L;Z2)"

3.2 Künneth½½½nnn���yyy²²²

duφ∗p�
Hn(K × L;Z2)ÚHn(C(K;Z2) ⊗ C(L;Z2))�Ó�§¤±O�K ×
L�ÓN�duO�óE/�ÜþÈ�ÓN§�öK´²;�Künneth½n"ù�

½n���/ª�LãÚy²I�^�ÓN�ê��'�£[22]"�´�þ�Kün-

neth½n�LãÚy²�I��5�ê"±e?Øþb�3���Fþ§�Bå�
3¤kPÎ¥Ñ�Ñ
F"

½n(Künneth). �{C, ∂}Ú{D, ∂′}�ü�óE/"{C ⊗D, ∂̄} ´ùü�óE/�Ü
þÈ"éz��ên§Ñk�þ�m�Ó�

Hn(C ⊗ D) ∼=
⊕
p+q=n

(Hp(C)⊗Hq(D))

y². ü��þ�mÓ���=�§���ê�Ó"-hp = dim(Hp(C))§h′q =

dim(Hq(D))"5¿�
⊕

p+q=n

(Hp(C)⊗Hq(D))��ê�
∑

p+q=n

hph
′
q"�I�O�Hn(C ⊗

D)��ê"

dp�>�Ó�∂p : Cp → Cp−1��kXe��þ�mÓ�

Cp ∼= Zp ⊕Bp−1, Zp ∼= Bp ⊕Hp (3.3)

-rp = rank(∂p)§@odim(Cp) = rp + rp+1 + hp"�Dq´D�q�ó�þ�m§
r′q = rank(∂′q)"�Ó�?ØL²dim(Dq) = r′q + r′q+1 + h′q"

9
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ÀJCpÚCp−1�T��Ä.§¦�∂p�Ý
L«´é��"¯¢þ§lÓ�(3.3)

���3Cp�Ä.{w1, · · · , wrp , b1, · · · , brp+1 , v1, · · · , vhp}ÚCp−1�Ä.{ŵ1, · · · , ŵrp−1 ,

b̂1, · · · , b̂rp , v̂1, · · · , v̂hp−1}÷v∂p3Ä.eäk/ª

w1 · · · wrp b1 · · · vhp



b̂1 1
...

. . .

b̂rp 1

ŵ1

... 0
v̂hp−1

^E(p, q)L«Cp ⊗Dq"�Än�>�Ó�∂̄n :
⊕

p+q=n

E(p, q)→
⊕

p+q=n−1

E(p, q)"ù�

�5N��Ý
L«�

· · · E(p− 1, q + 1) E(p, q) E(p+ 1, q − 1) · · ·



... · · ·
E(p− 1, q) Ip−1 ⊗ ∂′q+1 ∂p ⊗ I ′q
E(p, q − 1) Ip ⊗ ∂′q ∂p+1 ⊗ I ′q−1

E(p+ 1, q − 2) Ip+1 ⊗ ∂′q−1
... · · ·

(3.4)

Ù¥I⊗∂′Ú∂⊗I ′´Ý
�ÜþÈ£�KS�È¤"ùpIpÚI ′qL«CpÚDqþ�ü 


"±þ?ØL²�±ÀJE(p, q)¥T��Ä.§¦�∂Ú∂′þ�é�
"ÏdI⊗
∂′Ú∂ ⊗ I ′äk/ª

Ip ⊗ ∂′q =



Ip
. . .

Ip

0
. . .

0


, ∂p ⊗ Iq =



Irp 0

0 0
. . .

. . .

Irp 0

0 Irp


(3.5)

òù�L«�\ª(3.4)¥"^Ð�1C�òÝ
∂̄z��F.§,�O�Ý
��"

5¿�I⊗∂′ ®²´é�
"�I�^Ip⊗∂′q�Ø∂p⊗I ′q3Ó�����=�"²L
Ð�1C�h′q ����rpü Ý
�3e5"Ïd∂̄n���r̄n =

∑
p+q=n

(r′q dim(Cp)+

10
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h′qrp)"

dim(
⊕
p+q=n

E(p, q)) =
∑
p+q=n

dim(Cp) dim(Dq)

=
∑
p+q=n

(r′q + r′q+1 + h′q) dim(Cp)

=
∑
p+q=n

(r′q dim(Cp) + r′q+1 dim(Cp)) +
∑
p+q=n

h′q(rp + rp+1 + hp)

=
∑
p+q=n

(r′q dim(Cp) + h′qrp) +
∑
p+q=n

(r′q+1 dim(Cp) + h′qrp+1) +
∑
p+q=n

hph
′
q

= r̄n + r̄n+1 +
∑
p+q=n

hph
′
q

ù�O�L²dim(Hn(C ⊗ D)) =
∑

p+q=n

hph
′
q"y."

�±UXe�{�EHn(C ⊗ D) Ú
⊕

(Hp(C) ⊗ Hq(D))�m���wªÓ�"

�[σ]Ú[τ ]©O´Hp(C)ÚHq(D)¥�ÓNa"ò[σ] ⊗ [τ ]N�[σ ⊗ τ ]��5N�ψ´

û½Â�"ÏLéÝKN�Cp → Hp(C)ÚDq → Hq(D)�ÜþÈ§��l
⊕

(Cp ⊗
Cq)�

⊕
Hp(C)⊗Hq(D)�N�"ù�N�eü�ÓN�þ�mþ��5N�λ : Hn(C⊗

D)→
⊕

Hp(C)⊗Hq(D)"dλ(ψ([σ]⊗ [τ ])) = [σ]⊗ [τ ]��ψ´��üÓ�"®²y

²
Hn(C ⊗ D)Ú
⊕

Hp(C)⊗Hq(D)k�Ó��ê§l
ψ´��Ó�"

íØ. �KÚL�üXE/"éz��ên§�3�þ�mÓ�Hn(K×L) ∼=
⊕

p+q=n

(Hp(K)

⊗Hq(L))"

3.3 ~~~fff

²"�¡T2 = {(x, y, z, w) ∈ R4|x2 +y2 = 1
2
, z2 +w2 = 1

2
}´ü���¦È�m§

Ù¥z��Ñi\3��2�²¡p"ÏdkT2 = S1×S1 ⊆ R2×R2"�αÚβ´Ñ

l[0, 1]þ�þ!©Ù��ÅCþ§ÏLC�{
x = 1√

2
cos(2πα)

y = 1√
2

sin(2πα)

{
z = 1√

2
cos(2πβ)

w = 1√
2

sin(2πβ)

����gT2�:8S"S�±YÓN�±��O�§½ökO���±YÓN§2

¦^Künneth½n"Künneth½n`²T2�n��0ê´ü����0ê�òÈ"d

ã2��§T230�§1�Ú2���0ê©O´1§2Ú1§Ù{�ê�0"d��±Y

ÓN����0�Ú1��0êþ�1§Ù{�ê�0"éü��^Künneth½n��

�(JÚ��O��(J�Ó"

4 ¦¦¦ÈÈÈ���mmm±±±YYYÓÓÓNNN���OOO���

dþ!�~f��§¦È�m�±YÓN�O�3®�¦È(���¹e¬

11
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C�{ü"b�©þ�m�MÚN§ÏLÝK�MÚN¿©OO�©þ�m�±Y

ÓN§��A^Künneth½n=�"�
íä¦È�m�(�§b�z�êâ:5

g,��Å�þX = (X1, X2, · · · , Xp)§¿éX�^�Õá(�?1íä§d2.2!

�?Ø§ù�duéX�ã?1íä"�!Äk0�dS.LunagómezÚS.Mukherjee

�[21]JÑ�ã��d�Akâê��Å�{",��
U?ù��{§?Ø
Ø

ëÏã�m���ì?5�"���ÑU?�O�ã���VÇ��{"

4.1 ããã������dddíííäää

b�x(1), x(2), · · · , x(n)��g©Ùf(x|θ)"�
íäf�^�Õá(�§·�O
�z�ã���VÇ§��VÇ���ã§Ò´�f�^�Õá(�����ã"

d2.2!�?Ø��§I�O�È©(2.6)∫
ΘG

f(x1, · · · , xn|θ,G)p(G)p(θ|G)dθ

��
ók�©Ùp(G)Ï~�ã�mþ�þ!©Ù"b�Gp¤kkp�º:�ã�

8Ü"lGp��ãG �VÇ´ 1
|Gp|"ù���k�©Ùk§�Ð?Ú�?"�pé

���ÿ§þ!©Ù´Gpþ��{ü
�g,�©Ù",
�pé��ù�©Ù?

nå5Ø
�B§Ï�|Gp| = 2
p(p−1)

2 �5�¥�êO�"XJ���z�ã��

�VÇ§ÒI�rÈ©(2.6)O�2
p(p−1)

2 g" [21]JÑ
ù��?n�{§Äk�z

�ã��ëêz§ÏLù���ëêz§òãþ�k�©Ù=z�î¼�m¥p�

:�©Ù"Ó�§lã���©Ù��z8�l:���©Ù��"�öKÏL

éDÚ��A�âê��Å�{?1U?5¢y"Ù¥zgS��Metropolis-Hast-

ings'~Ò´È©(2.6)"ù��{�ê�O��5
ã���B"

5¿�z�üXE/�1��eÒ´ã"�v1, · · · , vp ∈ Rm´î¼�m¥?¿p�

:§�E��üXE/¿�§�1��e§ù�Ò3î¼�m�:Úã�mïá


éA"±Čech E/�~"�r > 0����ê"ČechE/´ÏL�CX{Br(vi), i =

1, 2, · · · , n}� ²���"Ù¥Br(vi)´±vi�¥%§r��»�4¥"§�1��e

�)º:v1, · · · , vp Ú>(vi, vj)(i, j = 1, 2, · · · , p)§viÚvjë>��=�||vi − vj|| ≤
2r"Pù�ã�G(v1, · · · , vp, r)"ù�éA¦�ã�m¤�î¼�mRpm+1�f8"

�½r > 0§?¿Rm¥p��þ�éÜVÇ©Ùp�
ã�mþ�VÇ©Ù"

�B?Øb�z�º:ÑlR2¥ü ��þ�þ!©Ù"lv ∈ B2m©��Åi

r�Ñ
B2þ�JÆ©Ù"�(ρ, θ)´R2þ�4�I"-vk = (ρk, θk)´1kg£Ä"

�½ëêη > 0§1(k + 1)g£Äv∗dª(4.1)�Ñ{
ρ∗ = R([ρk]2 + ξk1η)1/2

θ∗ = θk + ξk2η/ρ
k

(4.1)

13
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ã 3: ü ��¥�500g�Åir

Ù¥(ξk1 , ξ
k
2 )´ÕáÓ©Ù�IO���ÅCþ§R(x) = |x− 2b1/2(x+ 1)c|"

-V = (v1, · · · , vp)"©Oéùp�:?1Õá��Åir§��lV k�V ∗�

£Ä"�GkÚG∗©O´dV kÚV ∗û½�ã"O�Xe�Metropolis-Hastings'~

Hk =
M(G∗)p(V ∗)q(V k|V ∗)
M(Gk)p(V k)q(V ∗|V k)

(4.2)

Ù¥p(V )´V�k�©Ù§q(V ∗|V )´lV ∈ (B2)p�V ∗ ∈ (B2)p��Ú�Åir�

V���Ý§M(G)´G�>�q,"éu"þ�õ���©Ù§�°ÝÝ
÷v
�_%âA©Ù§òª(2.7)§(2.8)Ú(2.10)�\(4.2)§Metropolis-Hastings'~´

Hk =
IG∗(δ + n,D +

∑n
i=1 x

(i)x(i)t)

IGk(δ + n,D +
∑n

i=1 x
(i)x(i)t)

IGk(δ,D)

IG∗(δ,D)
(4.3)

£ÄV ∗±VÇ1 ∧ Hk��É"²Lý�Ï§ÏL����§éz���O�Ùª

ê§BU�Oã���VÇ"��L§o(��{1"

4.2 ØØØëëëÏÏÏããã���mmm

3MCMC�{¥§ã���VÇÏLÙªê5%C"�Gp5�é���ÿ§ù

��{E,�3"�"¯¢þ§¢SA^¥Ã{��v
õ���§¦�z�ã

�ªê¿©�C§���VÇ"�
�Ñù�"�§�±�Ä¦^Gp�,�f�

m5ü$5�"Q,·��'%�´ã�ëÏ©|��¹§�Ä�¹¤kØëÏ

�ã�f�m´g,�"e¡�?Ø`²ù�f�m(¢U
{zO�"

Gp´�¹2
p(p−1)

2 ����k�8"P¤kkp�º:�ëÏã��m�Gc
p§¤

kkp�º:�ØëÏã��m�Gd
p"�
'�ùü��m���§½Â�mGp�

14
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Algorithm 1 ã��d�Akâê��Å�{

ÐÐÐ©©©zzz:

1. �?¿��Ð©º:8V (0) = (v
(0)
1 , v

(0)
2 , · · · , v(0)p ) ∈ Rp¶

2. �r > 0, k = 0¶

SSS���:

1. ^�Åir)¤��ÿÀº:8V ∗ = (v∗1 , v
∗
2 , · · · , v∗p)¶

2. O��ÉVÇA(V ∗|V k) = min{1, Hk}¶

3. )¤�Åêa ∈ [0, 1]"ea ≤ A(V ∗|V k)§�ÉÿÀº:8¿�V k+1 = V ∗¶ÄKáýÿ

Àº:8¿�V k+1 = V k¶

4. �k = k + 1"

ëÏ'�

Rp =
#(Gd

p)

#(Gp)
(4.4)

e¡ù�·K`²
Rp�ì?5�"

·K. lim
p→∞

Rp = 0

Proof. -Kc(p) = #(Gc
p), Kd(p) = #(Gd

p)"Ï�kp�º:���ãk
p(p−1)

2
^>§


z�kp�º:�ãÑ´kpº:���ã�fã§�Kc(p) +Kd(p) = 2
p(p−1)

2 "

�v0, v1, · · · , vp�ãG ∈ Gp+1�p+1�º:"�Ä�¹v0�ëÏ©|C0"b�C0�

¹
k�º:"{e�p + 1 − k�º:ØUÏL?Û>ë��C0"Ï�GdC0Ú?

¿��kp+ 1− k�º:�fãû½§�kXe4íª¤á"

Kd(p+ 1) =

p∑
k=1

(
p

k − 1

)
Kc(k)2

(p−k)(p−k+1)
2 (4.5)

ª(4.5)ü>ÓØ±2
p(p+1)

2

Rp+1 =
Kd(p+ 1)

2
(p+1)p

2

=

p∑
k=1

(
p

k − 1

)
(1−Rk)2

−k(p+1−k) (4.6)

5¿�k > 1�§1−Rk < 1"ª(4.6)ü>Ó¦2p

2pRp+1 <

p∑
k=1

(
p

k − 1

)
2−(p−k)(k−1) = 1 + p+

p−1∑
k=2

(
p

k − 1

)
2−(p−k)(k−1) (4.7)

�2 ≤ k ≤ p− 1�§2−(p−k)(k−1) ≤ 2−(p−2)"Ïd

2pRp+1 < 1 + p+ 2p2−(p−2) = p+ 5 (4.8)

�Rp+1 <
p+5
2p
"w,kRp → 0, p→∞"
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ù�·K`²�p¿©���ÿ§A�z�kp�º:�ãÑ´ëÏ�"éu¿

©��p§XJfû½�ãØ´ëÏ�§@o^�{1����O��éJ�("Ù

Ì��Ï´ÿÀº:8½öJ±��É§½ö��É�Ùû½�ã�ëÏã"X

J®²���ÅCþ�mk�f��'5§@o�3ØëÏã��m?1��ò

�Ñù�(J§4�/J,O���Ç"

4.3 kkk������������AAAkkkâââêêê������ÅÅÅóóó���{{{

�½��êâ8S = {x(1), x(2), · · · , x(n)}§b�z�êâx(i)�g�Å�þX"

-u´���½���ê"�
òMCMC�{��3f�mGd
pþ§rÐ©�þV

0�

Å/y©�u|"�p1, p2, · · · , pu�÷vp1 + p2 + · · · + pu = p�u�ê"é¹pi��

��|§ÏL�ÅiÄ)¤��ÿÀ�kpi�º:�ëÏ©|G∗pi"¤k�ëÏ©
|±VÇ1 ∧ H̃��É§Ù¥Metropolis-Hastings'~�

H̃ =
m∏
i=1

H(Gpi) (4.9)

Ïd��k���MCMC�{

Algorithm 2 uëÏã�Akâê��Å�{

ÐÐÐ©©©zzz:

1. �?¿��º:8V (0) = (v
(0)
1 , v

(0)
2 , · · · , v(0)p ) ∈ Rp¶

2. �½��y©p1 + p2 + · · ·+ pu = p"�V
(0)
pi = (v

(0)
k1
, v

(0)
k2
, · · · , v(0)kpi

), r > 0, k = 0¶

SSS���:

1. éz�pi§^�Åir)¤��ÿÀº:8V
∗
pi

= (v∗k1
, v∗k2

, · · · , v∗kpi
)¶

2. O��ÉVÇA(V ∗|V k) = min{1, H̃k}¶

3. )¤���Åêa ∈ [0, 1]"XJa ≤ A(V ∗|V k)§�ÉÿÀº:8¿�V k+1 = V ∗¶ÄK

áýÿÀº:8¿�V k+1 = V k¶

4. �k = k + 1.

�u = 1�§�{2l��ã�mGp��§l
�du�©�MCMC�{"�u =

2�§�{2lØëÏã�mGd
p��"�u > 2�§�{2l�¹¤k��ku�ëÏ

©|�ã�8Ü¥��"u��§����mÒ��§é�ÅCþ��'5�b�

��r"

����
X©�u�p�Õá��ÅCþ|§ÒUíÿêâ8S�S%�m´u�

Ïf�m�¦È"òêâ8SÝK�§�Õá�|þ��u�êâ8Si, i = 1, 2, · · · , u"
Si�S%�m�¦ÈÒ´S�S%�m"S�±YÓN�O�eü�z�Siþ�O�"
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b�Si�k��0ê´βki§�{3Lã
ù�L§

Algorithm 3 ¦È�m�±YÓN�{

ÐÐÐ©©©zzz: é¤kk§�Ωk = βk
1¶

SSS���:

1: while �3βk
i 6= 0 do

2: for i = 2 : m do

3: Ωk =
∑

p+q=k

βp
i Ωq

4: end for

5: end while

5 ���ýýý(((JJJ

·�^ü�~f5�ã4¥��{"31��~fp·�lü�2�¥¡�¦È

�m¥����êâ8§ù´��i\36�îª�m�4�6/§§�±YÓN^

yk��{Ã{��?1O�"31��~fp·�ò�{A^ug,ã�ÚO"

G.Carlsson�<O�
pé'Ý§p�Ý�3×31Æã�¬�±YÓN§¿JÑÙ

S%�m´��n��.£three circle model¤[5]"ÏLO�·��Ù�Ñ��#

�p��.§§´n��.ÚR4¥¢%���¦È"ù��.Ún��.k�Ó

�Ô.§l
k�Ó�ÿÀ"

¤k�O�Ñ´3Matlabþ^JavaPlex^�?1�"ù�^��±3http://

appliedtopology.github.io/javaplex/�¤��"

5.1 ¥¥¥¡¡¡���¦¦¦ÈÈÈ

�ÄXe�m

W = {(x1, y1, z1, x2, y2, z2) ∈ R6|(x1)2 + (y1)2 + (z1)2 = 1, (x2)2 + (y2)2 + (z2)2 = 1}

W´ü�ü ¥¡S2�¦È§Ù¥z�¥¡i\3R3¥"�
lW¥��§k

lü��Å�þΘ = (θ1, θ2)ÚΦ = (φ1, φ2)��§Ù¥ΘÚΦÑÑlü ��/[0, 1]×
[0, 1]þ�þ!©Ù",�dC�

x1 = sin(πθ1) cos(2πθ2)

y1 = sin(πθ1) sin(2πθ2)

z1 = cos(πθ1)


x2 = sin(πφ1) cos(2πφ2)

y2 = sin(πφ1) sin(2πφ2)

z2 = cos(πφ1)

(5.1)

��Wþ�êâ"lWþ�1000���§òz���À��g�Å�þX = (X1, X2, · · · , X6)§

e¡éXû½�ãG?1íä"-u = 2§3�{2¥§�δ = 5§D = 0.5I§310, 000Ú
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L 1: ��VÇ�p�n�ã

ãÿÀ ��VÇ

{1,2,3}{4,5,6} 0.2980

{1, 2, 3, 4}{5, 6} 0.0850

{1, 2}{3, 4, 5, 6} 0.0720

S��ý�Ï��1, 000���"��VÇ�p�3�ã�3L1¥")ÒL«ã�

ØÓ�ëÏ©|"

äk�����VÇ�ãL«X�cn��ÅCþÚ�n��ÅCþÕá§Ï

dêâ8�S%�mW�k�U´ü�i\3R3�f�m�¦È"ò:8©OÝ

K�cn��IÚ�n��Iþ§��êâ8W1ÚW2"©OO�W1ÚW2�±Y

ÓN§���(J�2�¥¡�ÓN��"dKünneth½n��W�ÓN�

Hn(X) =


Z2, n = 0, 4

Z2 ⊕ Z2, n = 2

0,Ù¦�¹

5.2 ggg,,,ããã���ÚÚÚOOO

^êèì�ÅûÑ�ã��¹
þZ����§z����±��255��Ý

�"Ïd��ã��±À���4p���5�mRP¥��þ§Ù¥P´���

êþ"g,ã�ÚO'%�¯K´§��êèì�ÅU
û��¤k�ã��¤

��m§%¹
�o��ÚO&E"A.Lee§K.PedersenÚD.MumfordJÑ§�,

vkÐ��{���Äù�4p��6/§�±�Ä��d3× 3�ã�¬�¤�

$�f6/[19]"3[19]¥§ý?n��pé'Ýã�¬ u��7�¥¡þ§ïÄ

uypé'Ý�ã�¬3¥¡þ�©Ù´pÝØþ!�§�þ�ã�¬8¥3¥

¡þ���Ü©«�þ§
�Ü©«��ã�¬Ñ�~DÕ"

?�Ú§G.Carlsson�<ïÄ
p�Ý«��ÛÜÿÀ(�[5]"3O�
p�

Ý«�ã�¬�±YÓN�§¦��Ñ§p�Ýpé'Ý�1Æã�¬�ÿÀÎ

Ü��n��.§§�0��0ê�1§1��0ê�5§
�ù�n��.g,/

i\��4Ï´¥",
§ÃØ´n��.�´�4Ï´§§�Ñ´$��."5

¿�êâ3��7�¥¡þ§[Ü��p��.´�U�"

[26]¥�¹
ý?nL�1Æã�¬êâ"ý?nL§Xeµòz�ã�¬À

�R9¥��þ§ÏL�¥%z§�©êâ�N���8��²¡R8 ⊆ R9þ"ÏL

lÑ{uC�§êâ:�Cz���7�¥¡þS7 ⊆ R8"½Â���Ý¼ê]À

Ñc15%�Ý����þ"�ª�êâ8�¹15, 000�:"·�òÙP�S"

18



�®nó�Æ��).�Ø©

(a) pr = 0.0110 (b) pr=0.0093 (c) pr=0.0080

(d) pr=0.0071 (e) pr=0.0070 (f) pr=0.0056

ã 4: c6���VÇ���ã"��VÇ3ã�.Ü�Ñ"

òz�S¥�:À��Å�þZ = (Z1, Z2, · · · , Z8)���"éZû½�ãG?1
íä"�u = 2§3�{2¥§�δ = 3§D = 0.3I"²L25, 000S��ý�Ï§

�500���:"��VÇ���6�ãXã4"

��VÇ���ãL²§S�S%�m�U´ü�R4¥�f�m�¦È"òS©

OÝK�co�©þÚ�o�©þþ��ü�êâ8S1ÚS2"©OO�S1ÚS2�±

YÓN"ã! ref(JL²S1�S%�m�ÓNÚS�S%�m�ÓN�Ó§Ù0�

�0ê�1§1��0ê�5"
S2�±YÓNw«§S2�S%�m�ÓN²�"Ï

LS23R3�ÝK�±Ünßÿ§S2�S%�m���¢%¥6"l
êâ8S�S

%�m�n��.Ú¢%¥�¦È"5¿�¢%¥´� �§¤±ù�¦È�m

ÓÔ�dun��."§�ÓNÚ[5]¥�(J�¬Ü"

6 (((���

�©JÑ
^¦È�méêâ8�S%�m?1ï���{"�d¦^
±

YÓNÚã��d�nØ"�©0�
�«�Akâê��Å�{5O�ã��

�VÇ§¿éÙ?1U?§JÑ
#��p���{"#��{Äu©¥y²�

��¯¢µ�ã�º:ªuÃ¡��ÿ§ØëÏ�ã3��ã�m¤Ó�'~ª

u0"ò#��{A^ug,ã�ÚO§·��p�Ý§pé'Ý�1Æã�¬J

Ñ
#�p���."d	©¥��Ñ
�þ�Künneth½n����5�ê�y

²"
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(a) S1311§2§3��I©þþ�ÝK (b) S1312§3§4��I©þþ�ÝK

(c) S1�±YÓN

ã 5: S1�ÝKÚ±YÓN
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(a) S2315§6§7��I©þþ�ÝK (b) S2316§7§8��I©þþ�ÝK

(c) S2�±YÓN

ã 6: S2�ÝKÚ±YÓN
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